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INTRODUCTION.
Let G be a ountable disrete group and φ  its automorphism. Consider the following
equivalene relation on the group G.
Denition. Two elements x, x′ ∈ G are said to be φ-onjugate or twisted-onjugate,
if there exists an element g ∈ G suh, that x′ = gxφ(g−1). The set of elements being φ-
onjugate to an element x, is alled the φ-onjugay lass or twisted onjugay lass lass of
the element x and is denoted by {x}φ.
It is easy to see that if φ is the identity mapping, then the φ-onjugay lasses are the
usual onjugay lasses of the group G.
We are interested in the number of φ-onjugay lasses, whih the group G is partitioned
in. It is alled the Reidemeister number of the automorphism φ and is denoted by R(φ).
For dierent groups and their automorphisms this number an be both nite and innite.
For example, it was shown in [1℄ that the Reidemeister number of any automorphism of a
Gromov hyperboli group is innite, and in this paper for the disrete Heisenberg group we
onstrut automorphisms having any preassigned even Reidemeister number. Other results
onerning Reidemeister numbers may be found in [24℄.
Consider the set Ĝf of unitary equivalene lasses of nite-dimensional irreduible unitary
representations of the group G. Eah automorphism φ generates the mapping φ̂f : Ĝf → Ĝf ,
given by the formula ρ 7→ ρ ◦ φ.
Let Sf (φ) be the number of xed points of the mapping φ̂f . In [5℄, the lass RP of groups
was dened, for whih this number is equal to R(φ) providing the latter number is nite.
This statement is a generalization of the lassi Burnside theorem [6℄ stating that for a
nite group the number of irreduible representations lasses oinides with the number of
onjugay lasses of the group. Indeed, let a group G be nite, and φ be the identity mapping.
Then all representations of the group are unitary, nite-dimensional, and they remain xed
under the mapping φ̂f , and R(φ) is the number of usual onjugay lasses. At last, the lass
RP ontains, in partiular, all nite groups (see [5℄).
In former papers [7℄ and [8℄ a twisted Burnside type theorem was proved for groups of
type I and for two-step torsion-free nilpotent groups, respetively. In [9℄, it was shown that
onsideration of only nite-dimensional representations is essential.
It is known that all nite, all Abelian, and all almost polyyli groups belong to the
lass RP (see [5℄). But for now there is no simple riterion for a group to belong to this lass.
Therefore, it is reasonable to look for new examples of groups from the lass RP (or, simply,
RP-groups). In Setion 3 of this paper the RP-property is proved for wreath produts of
nitely generated Abelian groups with the group of integers. Suh wreath produts beome
the rst known example of nitely generated RP-groups being not almost polyyli.
In the rst part of the paper (Setions 1 and 2), the disrete Heisenberg group is
onsidered. It is shown that for this group all even numbers an be realized as Reidemeister
numbers and also xed representations are found expliitly for a spei automorphism with
the Reidemeister number R(φ) = 2.
1
1. AN INFINITE SEQUENCE OF DISCRETE HEISENBERG GROUP
AUTOMORPHISMS
By H we denote the disrete Heisenberg group, whih is dened as the following semidiret
produt:
H = Z2 ⋊ Z, α˜ : Z→ Aut(Z2); s 7→ αs, α = (∗, ∗)
(
1 1
0 1
)
.
Thus, this group onsists of triplets ((m, k), s) of integers with the following multipliation
law:
((m, k), s) ∗ ((m′, k′), s′) = ((m, k) + αs(m′, k′)) = ((m+m′, k + k′ + sm′), s+ s′);
In partiular, ((m, k), 0) ∗ ((0, 0), s) = ((m, k), s). The inverse element may be found by the
formula ((m, k), s)−1 = ((−m, sm− k),−s).
The group H an be also onsidered as the group of integer 3× 3-matries of the form(
1 s k
0 1 m
0 0 1
)
with respet to matrix multipliation. The group H has three generators
a = ((1, 0), 0); b = ((0, 1), 0); c = ((0, 0), 1)
and is dened by the relations [a, b] = e; [b, c] = e; [c, a] = b, where [·, ·] stands for the
ommutator, and e = ((0, 0), 0) is the unit of the group.
Lemma 1. For eah N ∈ N there exists an automorphism φ of the group H suh that
R(φ) = 2N .
Proof Let N ∈ N be a given integer. Consider the following automorphism:
φ((m, k), s) =
((
m(1 −N) + sN,−k +
m(m− 1)
2
(1−N)−
s(s− 1)
2
N +msN
)
, m− s
)
.
To hek that this mapping denes an automorphism, one an either verify diretly that it
is a bijetive endomorphism or use the desription of all Heisenberg group automorphisms
given in [8℄.
Denote
Q0(m, s) =
m(m− 1)
2
(1−N) +
s(s− 1)
2
N +msN.
Then
φ((m, k), s) =
(
(m(1−N) + sN,−k +Q0(m, s)), m− s
)
.
Desribe the φ- onjugay lass of an arbitrary element h = ((m, k), s) of the group H .
Let g = ((g1, g2), g3). Then g
−1 = ((−g1, g1g3 − g2),−g3) and
φ(g−1) =
(
(−g1(1−N)− g3N, g2 − g1g3 +Q0(−g1,−g3)), g3 − g1
)
.
Assuming −g1g3 +Q0(−g1,−g3) =: Q1(g1, g3), we have
ghφ(g−1) = ((g1, g2), g3) · ((m, k), s) · ((−g1(1−N)− g3N, g2 +Q1(g1, g3)), g3 − g1) =
= ((g1 +m, g2 + k + g3m), g3 + s) · ((−g1(1−N)− g3N, g2 +Q1(g1, g3)), g3 − g1) =
= ((g1 +m− g1 + g1N − g3N, 2g2 + k +Q2(g1, g3, s,m)), s+ 2g3 − g1) =
= ((m+ (g1 − g3)N, k + 2g2 +Q2(g1, g3, s,m)), s+ 2g3 − g1),
2
where Q2(g1, g3, s,m) = g3m+Q1(g1, g3)− g3g1(1−N)− sg1(1−N)− g
2
3N − sg3N .
Thus, the φ-onjugay lass of the element h = ((m, k), s) has the form
hφ ={ghφ(g
−1) | h ∈ H} =
={
(
(m+ (g1 − g3)N, k + 2g2 +Q2(g1, g3, s,m)), s+ 2g3 − g1
)
| g1, g2, g3 ∈ Z}.
This lass is parameterized by a triplet g1, g2, g3 of integers. Perform the following repara-
meterization:
g1 − g3 =: f1; g2 =: f2; 2g3 − g1 =: f3.
This reparametrization is valid beause its determinant equals −1, and we have
{((m, k), s)}φ = {
(
(m+ f1N, k + 2f2 +Q3(f1, f3, s,m)), s+ f3
)
| f1, f2, f3 ∈ Z}.
The latter implies that if m-omponents of two group elements do not oinide modulo
N , then these elements are not equivalent (i.e., not φ-onjugate). Assume
Hr = {
(
(m, k), s
)
| m ≡ r(modN)}; r = 0, . . . , N − 1.
Then two elements from distint sets Hr an never be equivalent to eah other. It is also
evident that these sets form a partition of H .
Fix r and onsider equivalene lasses of the elements ((r, 0), 0) and ((r, 1), 0).
{((r, 0), 0)}φ = {
(
(r + f1N, 2f2 +Q3(f1, f3, r, 0)), f3
)
| f1, f2, f3 ∈ Z};
{((r, 1), 0)}φ = {
(
(r + f1N, 2f2 + 1 +Q3(f1, f3, r, 0)), f3
)
| f1, f2, f3 ∈ Z}.
(1)
Now take an arbitrary element ((m0, k0), s0), m0 ≡ r(modN) of the set Hr and show that
it belongs to one of these two lasses.
Indeed, one an hoose f1 and f3 in (1) so that r + f1N = m0, f3 = s0. Thereby, the
value Q3(f1, f3, r, 0) is xed. Depending on the parity of this value, one an hoose element
f2 so that either 2f2 +Q3(f1, f3, r, 0) = k0, or 2f2 +Q3(f1, f3, r, 0) = k0 + 1. In the rst ase
((m0, k0), s0) ∼ ((r, 0), 0) and in the seond ase ((m0, k0), s0) ∼ ((r, 1), 0).
Thus, the group H is partitioned into N subsets Hr suh that elements from dierent
subsets are not equivalent and eah Hr is partitioned into exatly two equivalene lasses.
Therefore, R(φ) = 2N and we are done.
2. DETERMINATION OF FIXED REPRESENTATIONS
Desribe nite-dimensional irreduible unitary representations of the disrete Heisenberg
group H = Z2⋊Z, using the tehnique of indued representations. Afterwards, we nd xed
representations for a spei automorphism with the Reidemeister number 2.
The dual objet for Z2 is the torus T2 = R2/Z2. A pair χ = (ξ, η) ∈ T2 orresponds
to the harater (m, k) 7→ e2pii(mξ+kη). This torus is a right H-spae with respet to the
ation χh(m, k) = χ(h∗ ((m, k), 0)∗h−1). The ation for ((m, k), s) is dened by the formula
(ξ, η) 7→ (ξ, η)
(
1 0
s 1
)
= (ξ + sη, η).
In aordane with the Makey theorem [10℄, eah irreduible representation ρ of the
group H has the form Ind(H, Y, β), where Y is the stabilizer of some point χ ∈ N̂ , and the
restrition of β onto N is salar and, moreover, is a multiple of the harater χ. Conversely,
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due to [11, p. 159, Theorem 5℄, if β is an irreduible representation of Y , whose restrition
onto N is a multiple of a harater, then Ind(H, Y, β) is irreduible. Finally, the theorem
from [12, p. 155℄ implies that eah orbit O is homeomorphi to the quotient of H over the
stabilizer of any point from the orbit.
Desribe the nite-dimensional irreduible unitary representations of the disrete Heisen-
berg group H . Due to aforesaid, eah suh a representation is indued from the stabilizer of
some point χ = (ξ, η) ∈ T2, whose orbit Ôχ is nite. Let the orbit of some point χ onsist of
p points. Then the stabilizer of the point χ is the subgroup
Y = {((m, k), ps) | m, k, s ∈ Z} = Z2 ⋊ (pZ).
In aordane with [11, p. 158, Lemma 3℄, the multipliation by the harater orrespon-
ding to χ, is a bijetion between the sets of irreduible unitary representations of the groups
pZ and Y = Z2 ⋊ (pZ).
Therefore, any p-dimensional irreduible unitary representation of the group H (p <∞)
an be obtained by means of the following algorithm: 1) hoose a point χ = (ξ, η) ∈ T2,
having the orbit of ardinality p; 2) hoose an irreduible representation of the subgroup
pZ = {((0, 0), ps) | s ∈ Z}; 3) multiply this representation by the harater χ and obtain a
representation β of the orresponding subgroup Y ; 4) form the representation ρ of the group
H , indued by β.
Choose an arbitrary number α ∈ [0, 1) and hene an arbitrary irreduible representation
π of the subgroup (pZ):
π((0, 0), ps) = e2piisα.
Multiplying by the harater χ = (ξ, η) we obtain a representation β of the subgroup Y :
β((m, k), ps) = χ(m, k)e2piisα = e2pii(mξ+kη+sα).
Now we have to form the representation ρ of the group H , indued by the representation β.
To do that, produe a realization of an indued representation in the spae of L2-funtions
on the homogeneous spae X = YH (see [10℄) in the ase of a disrete group.
Let H be a disrete group, Y be its subgroup, β be a unitary representation of Y in a
Hilbert spae V , X = YH be the orresponding right homogeneous spae. Fix a mapping
s : X → G, possessing the property s(Hg) ∈ Hg. Then the indued representation ρ is given
in the spae L2(X, V ) by the formula
[ρ(h)f ](x) = A(h, x)f(xh), where the operator-valued funtion A(h, x) is given by the
equality A(h, x) = β(y), where the element y ∈ Y is dened by the relation s(x)h = ys(xh).
In our ase the spae of the representation β is one-dimensional and hene A(h, x) is a
omplex-valued funtion. Note that Y ((m, k), s) = Y ((0, 0), s mod p), and, therefore,
YH = {Y ((0, 0), 0), Y ((0, 0), 1), . . . , Y ((0, 0), p− 1)} =: {x0, x1, . . . , xp−1}.
Choose the mapping s : X → G by assuming s : Y ((m, k), s) 7−→ ((0, 0), s mod p).
Now we have to determine an element y ∈ Y using the relation s(x)h = ys(xh) and
starting from given elements x ∈ X = YH and h ∈ H . Let h = ((m, k), s), x = Y ((0, 0), j).
Then s(x) = ((0, 0), j) and
s(x)h = ((0, 0), j)((m, k), s) = ((m, k + jm), s+ j);
s(xh) = s(Y ((0, 0), j)((m, k), s)) = s(Y (m, k + jm), s+ j) = ((0, 0), (s+ j) mod p).
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Suppose the element y looked for has the form y = ((yk, ym), ys). In this ase we have
ys(xh) = ((yk, ym), ys)((0, 0), (s+ j) mod p) = ((ym, yk), ys + (s+ j) mod p).
Therefore,
ym = m, yk = k + jm, ys = s+ j − (s+ j) mod p.
Assuming [l]p := l − l mod p, we have y = ((m, k + jm), [s+ j]p) and
A(h, x) = β(y) = β((m, k + jm), [s+ j]p) = e
2pii(mξ+(k+jm)η+
[s+j]p
p
) =
= e2pii(mξ+(k+jm)η+[
s+j
p
]),
where [r] denotes the integer part of r.
At last, the indued representation of ρ in the spae L2(X) = L2({x0, x1, . . . , xp−1}) is
given by the formula
[ρ(h)f ](x) = A(h, x)f(xh) = e2pii(mξ+(k+jm)η+[
s+j
p
])f(xh);
[ρ((m, k), s)f ](xj) = e
2pii(mξ+(k+jm)η+[ s+j
p
])f(x(j+s) mod p); j = 0, p− 1.
In the spae L2(X) = L2({x0, x1, . . . , xp−1}) ∼= C
p
hoose an orthonormal basis ǫ0, ǫ1, . . . ,
ǫp−1, where ǫj is the indiator funtion of the point xj ∈ X. In this basis our representation
is given by the formula
ρ((m, k), s) : ǫj 7→ e
2pii(mξ+(k+jm)η+[ s+j
p
]α)ǫ(j−s) mod p; j = 0, p− 1. (2)
Thus, all p-dimensional irreduible unitary representations of the group H have the form (2)
for some numbers ξ, η, α ∈ [0, 1), suh that the orbit χ = (ξ, η) ∈ T2 onsists of p points. The
ation of ((m, k), s) on T2 is given by the formula (ξ, η) 7→ (ξ+ sη, η). Therefore, the orbit of
this ation has ardinality p if and only if η is an irreduible fration with the denominator
p. Thus, the following statement is proved.
Lemma 2. All p-dimensional irreduible unitary representations of the disrete Heisen-
berg group H have the form(2), where ǫj are the elements of an orthonormal basis of the
p-dimensional spae, ξ, η, α ∈ [0, 1), and η is an irreduible fration of denominator p.
Find the harater χρ of the representation (2). The matrix of the operator ρ((m, k), s)
is diagonal for s ≡ 0 mod p and for other s its diagonal entries are zero. Therefore, if s is
not divisible by p, then we have χρ((m, k), s) = 0. Thus,
χρ((m, k), s) = δ
0
s mod p
p−1∑
j=0
exp(2πi(mξ + kη + jmη + [
s + j
p
]α)).
For s divisible by p and j ∈ 0, p− 1 the relation [ s+j
p
] = s
p
is valid. Further, taking the
multiples whih do not ontain j outside of the summation, we get
χρ((m, k), s) = δ
0
s mod p exp
(
2πi(mξ + kη +
s
p
α)
) p−1∑
j=0
e2piimηj .
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The resulting sum is the sum of the rst p terms of a geometri series. Note that e2piimη = 1
if and only if mη ∈ Z, i.e., i m ≡ 0 mod p. Therefore,
p−1∑
j=0
e2piimηj =
{
p, if m ≡ 0 mod p;
exp(2piimηp)−1
exp(2piimη)−1
if m 6≡ 0 mod p.
But ηp ∈ Z. Hene exp(2πimηp)− 1 = 0. As a result, we get
χρ((m, k), s) =
{
p · e2pii(mξ+kη+
s
p
α), if s ≡ 0 mod p and m ≡ 0 mod p;
0 otherwise.
Consider the following automorphism φ of the group H :
φ((m, k), s) =
((
s+m,−k +
m(m− 1)
2
+ sm
)
, m
)
.
By reasoning similar to those used in the proof of Lemma 1, it is not diult to see that
R(φ) = 2. Calulate the harater of the representation ρφ:
ρφ((m, k), s)ǫj = ρ((s+m,−k +
m(m− 1)
2
+ sm), m)ǫj =
= exp 2πi((s+m)ξ + (−k +
m(m− 1)
2
+ sm+ js+ jm)η + [
m+ j
p
]α)ǫ(j−m) mod p.
As in the previous alulations, the harater χρφ vanishes on the elements whih have
m 6≡ 0 mod p. Then we use the fat that [m+j
p
] = m
p
, if m ≡ 0 mod p and j ∈ 1, p. We have:
χρφ((m, k), s) = δ
0
m mod p exp 2πi((s+m)ξ + (−k +
m(m− 1)
2
+ sm)η +
m
p
α)
p−1∑
j=0
e2pii(s+m)ηj
and
p−1∑
j=0
e2pii(s+m)ηj =
{
p, if(s+m)η ∈ Z, i.e. if (s+m) ≡ 0 mod p,
0, if (s+m)η 6∈ Z.
So,
χρφ((m, k), s) =
{
p · e2pii((s+m)ξ+(−k+
m(m−1)
2
+sm)η+m
p
α), if s and m ≡ 0 mod p,
0, otherwise.
Let us nd nite-dimensional xed points of the mapping φ̂. The trivial one-dimensional
representation is one of them. To nd another one, write down the ondition for haraters
oiniding for the representations φ and ρφ:
e2pii((s+m)ξ+(−k+
m(m−1)
2
+sm)η+m
p
α) = e2pii(mξ+kη+
s
p
α)
äëÿ s,m ≡ 0 mod p.
Assume p = 2, i.e., we look for a xed representation among two-dimensional ones. Òîãäà
η = 1
2
and e2pii((s+m)ξ+
1
2
(−k+m(m−1)
2
+sm)+m
2
α) = e2pii(mξ+
1
2
k+ s
2
α)
for even s,m.
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Assuming s =: 2t,m =: 2q, we obtain: e2pii((2t+2q)ξ+
1
2
(−k+q(2q−1)+4tq)+qα) = e2pii(2qξ+
1
2
k+tα)
for any t, q ∈ Z. This ondition is equivalent to(
(2t+ 2q)ξ +
1
2
(−k + q(2q − 1) + 4tq) + qα
)
−
(
2qξ +
1
2
k + tα
)
∈ Z äëÿ ëþáûõ t, q ∈ Z.
Colleting terms and throwing out the terms q2, 2tq,−k, whih are ertainly integer, we get
the following equivalent ondition:
2tξ −
q
2
+ qα− tα ∈ Z äëÿ ëþáûõ t, q ∈ Z, or
t(2ξ − α) + q(α−
1
2
) ∈ Z, ∀t, q ∈ Z.
Evidently, this ondition holds for α = 1
2
, ξ = 1
4
.
Thus, the seond xed representation is two-dimensional and it is given by formula (2)
with α = 1
2
, ξ = 1
4
, η = 1
2
, i.e.
ρ2((m, k), s) : ǫj 7→ e
2pii(m
4
+ k+jm
2
+ 1
2
[ s+j
2
])ǫ(j−s) mod 2; j = 0, 1.
where ǫ1, ǫ2 -is an orthonormal basis of the two-dimensional spae.
3. WREATH PRODUCTS OF ABELIAN GROUPS AND Z
Construt a lass of groups whih are nitely generated, possess the RP property, but are not
almost polyyli. Namely, we prove that for an arbitrary nitely generated Abelian group
A, the wreath produt A ≀ Z possesses the RP property.
To do this, we show that some subgroup A ⊂ A ≀ Z is harateristi (i.e., it is invariant
under all automorphisms of the groupA ≀Z), and then apply Theorem 3.10 from [5℄. At last,
we show that any suh wreath produt is not an almost polyyli group.
Let two groups A and B be given. The wreath produt of these groups is dened as the
following semidiret produt:
A ≀ B :=
(⊕
i∈B
Ai
)
⋊ B
where eah subgroup Ai is isomorphi to A and the ation of B on
⊕
Ai is given by the
formula b ·Ai = Abi.
Reall that, as for any semidiret produt, the ation of an element b ∈ B on the
semidiret multiple
⊕
Ai oinides with the inner automorphism of the produt A ≀ B =
(
⊕
Ai)⋊ B, given by b.
In what follows, by A we always denote a nitely generated Abelian group andB oinides
with the group of integers. By A we denote the sum
⊕
i∈ZAi from the denition of a wreath
produt.
It is not diult to see that the group G = A ≀Z is generated by generators of the groups
A and Z. Therefore, G is nitely generated.
Derive the statement onerning the harateristi property of the subgroup A in the
partiular ase when A is a free Abelian group. Thus, let A = Zk. We naturally identify the
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Abelian group A =
(⊕
i∈ZAi
)
with the group Z[x, x−1] of Laurent polynomials with respet
to addition. Namely, a given sequene
. . . 0, (a
(N)
0 , . . . a
(N)
k−1), · · · (a
(M)
0 , . . . a
(M)
k−1), 0 . . .
of elements from Zk an be onsidered (omitting the parenthesis) as a sequene of integers
identied with oeients of the orresponding Laurent polynomial P (x):
P (x) = a
(N)
0 x
Nk + a
(N)
1 x
Nk+1 + · · ·+ a
(M)
k−1x
Mk+(k−1).
For example, if A = Z2, and a¯ = (ai)i∈Z ∈ A has a−1 = (3,−1); a0 = (5, 7), and all
others ai-s are zero, then a¯ orresponds to the polynomial 3x
−2 − x−1 + 5 + 7x.
Thus, an arbitrary element of the group G = Zk ≀ Z = A ⋊ Z may be written down in
the form (P (x), n), where P (x) ∈ A is a Laurent polynomial and, à n is an integer.
From the denition of the wreath produt, it is lear that the ation of the unit (the
generator of Z) on
⊕
i∈ZAi is the multipliation of the polynomial by x
k
.
Therefore, the group multipliation is given by the formula
(P (x), r)(Q(x), s) = (P (x) + xrkQ(x), r + s),
and the inverse element is given by the formula (P (x), r)−1 = (−x−krP (x),−r).
Consider the following set of mappings ǫj : A → Z; j = 0, k − 1;
ǫj :
∑
anx
n 7→
∑
n≡j (k)
an.
Lemma 3. The quotient group of G = Zk ≀Z over its ommutant is isomorphi to Zk+1,
and the anonial projetion is given by the formula p(P (x), r) = (ǫ0(P (x)), . . . , ǫk−1(P (x)), r).
Proof. First, notie that the ommutant of G lies inside of A =
⊕
i∈ZAi, as the quotient
G/A = Z is Abelian.
Calulate expliitly the ommutator of two arbitrary elements of the group
[(P (x), r), (Q(x), s)] = ((1− xks)P (x) + (xkr − 1)Q(x), 0).
It is not diult to see that ǫj
(
(1−xks)P (x)+ (xkr− 1)Q(x)
)
= 0, for any j beause the
multipliation of the polynomial by a k-multiple degree of x does not hange the values of
ǫj . Hene, the ommutant ontains only polynomials suh that ǫj are equal to zero on them.
Moreover, the ommutant ontains all suh polynomials. Indeed, taking P (x) = xn, r =
0, Q(x) = 0, we easily obtain that G′ ontains all polynomials of the form xn − xn+k, and
any polynomial with zero ǫj - s an be represented as an integer ombination of the latter
polynomials.
Thus, G′ = {(P (x), 0) | P (x) ∈ Z[x], ǫ0(P ) = 0, . . . , ǫk−1(P ) = 0} whih easily implies
the assertion of the Lemma.
Lemma 4. The subgroup A =
⊕
i∈Z(Z
k) is harateristi in Zk ≀ Z.
Proof Consider the following generators system of the group Zk ≀ Z:
a0 = (1, 0), a1 = (x, 0), . . . , ak−1 = (x
k−1, 0)  the generators of Zk; b = (0, 1).
Let φ be an automorphism of G and φ(ai) = (Pi(x), si), i = 0, k − 1; φ(b) = (Q(x), r).
It is suient to show that si = 0, i = 0, k − 1. Indeed, eah element of A is a nite
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produt of elements of the form α = bt · a · b−t, a = au00 · · · a
uk−1
k−1 , and if all si = 0, then
φ(α) = (φ(b))tφ(a)φ(b)−t = (∗, rt)(∗, 0)(∗,−rt) = (∗, 0) ∈ A.
Note that the automorphism φ indues the automorphism of the quotient G/G′ ∼= Zk⊕Z,
having the following matrix:
Π =

ǫ0(P0) ǫ0(P1) . . . ǫ0(Pk−1) ǫ0(Q)
ǫ1(P0) ǫ1(P1) . . . ǫ1(Pk−1) ǫ1(Q)
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
ǫk−1(P0) ǫk−1(P1) . . . ǫk−1(Pk−1) ǫk−1(Q)
s0 s1 . . . sk−1 r

The generators ai lie in an Abelian subgroup and hene ommute. Therefore, their φ-
images also ommute and hene φ(ai)φ(aj) = φ(aj)φ(ai), whih implies
(Pi(x) + x
ksjPj(x), si + sj) = (Pj(x) + x
ksiPi(x), si + sj);
Pi(x)(1− x
ksj) = Pj(x)(1 − x
ksi); (3)
So if sj = 0 then either si = 0 or Pj(x) = 0. But the latter is impossible beause the element
φ(aj) = (Pj(x), sj) annot be equal to the group unit. Hene, sj = 0 implies si = 0. Due to
the arbitrariness of i, j the latter impliation means that either all numbers si are equal to
zero or none of them is equal to zero. In the rst ase the proof is ompleted. Prove that the
seond ase annot be valid.
Assume that si 6= 0, for all i. In this ase we an divide the polynomial equality (3) by
(1− xk). Dividing and applying ǫk−1 to both parts of the equality, we get
Pi(x)(1 + x
k + . . .+ xk(sj−1)) = Pj(x)(1 + x
k + . . .+ xk(si−1));
ǫk−1(Pi) · sj = ǫk−1(Pj) · si; (4)
Similar to the above reasoning ai and baib
−1
lie in an Abelian subgroup, hene their
images ommute. We have
φ(baib
−1) = (Q(x), r) · (Pi(x), si) · (−x
−krQ(x),−r) = ((1− xksi)Q(x) + xkrPi(x), si).
The ommutation ondition φ(ai) ·φ(baib
−1) = φ(baib
−1)φ(ai) may be evidently transformed
to the following form:
Pi(x)(1− x
ksi)(1− xkr) = Q(x)(1− xksi)2.
Sine we assume that si 6= 0 for any i, then we an divide the latter equation by (1−x
ksi)(1−
xk). We get
Pi(x)(1 + x
k + . . .+ xk(r−1)) = Q(x)(1 + xk + . . .+ xk(si−1));
Apply ǫk−1 to this equation:
ǫk−1(Pi) · r = ǫk−1(Q) · si. (5)
Combining (4) and (5), we see that all lower (2×2)-minors of the matrixΠ are degenerate and
so the matrix is degenerate. But it is impossible beause Π is the matrix of an automorphism
of the group Zk+1. The ontradition obtained proves that all si are zero, and we are done.
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Now let us proeed from the ase A = Zk to a more general ase.
Lemma 5. Let A be a nitely generated Abelian group. Then the subgroup A =
⊕
Ai is
harateristi in the group A ≀ Z = (
⊕
Ai)⋊ Z.
Proof We have Ai = (Z
k)i ⊕ Ti, where Ti is the torsion subgroup of Ai. Write down
elements of A as pairs (b¯, f¯), where b¯ ∈
⊕
(Zk)i, and f¯ ∈
⊕
Ti.
Show that the subgroup T =
⊕
Ti is harateristi in A ≀Z. First we suppose that there
exists g ∈ T : φ(g) = φ((0¯, f¯), 0) = ((∗, ∗), d), where d 6= 0. Let N be the maximal order
of elements from T . Then, on the one hand, φ(gN) = φ(e) = e, and, on the other hand,
φ(gN) = ((∗, ∗), Nd) 6= e.
So, d = 0 and φ((0¯, f¯), 0) = ((b¯1, f¯1), 0). Now the same reasoning proves that b¯1 = 0¯, as
((b¯1, f¯1), 0)
N
=((Nb¯1, Nf¯1), 0).
Thus, the subgroup T is harateristi and for any φ ∈ Aut(A ≀Z) we have the following
ommutative diagram:
0 −−−→ T
i
−−−→ A ≀ Z
p
−−−→ Zk ≀ Z −−−→ 0yφ′ yφ yφ
0 −−−→ T
i
−−−→ A ≀ Z
p
−−−→ Zk ≀ Z −−−→ 0
Assume that the statement of the lemma is not valid. Then there exists an element g =
((b, f), 0) of the subgroupA, suh that φ(g) 6∈ A. We have φ(g) = φ((b, 0), 0)·φ((0, f), 0) 6∈ A;
hene, φ((b, 0), 0) 6∈ A, beause φ((0, f), 0) ∈ T ⊂ A aording to what was proved.
The fat that φ((b, 0), 0) 6∈ A, implies p ◦ φ((b, 0), 0) /∈ ⊕(Zk)i, whih is equivalent to
φ ◦ p((b, 0), 0) /∈ ⊕(Zk)i. Òhus, the subgroup
⊕
(Zk)i is not invariant with respet to the
automorphism φ¯ of the group ãðóïïû Zk ≀ Z. But this ontradits the previous lemma, and
we are done.
Theorem 3.10 from [5℄ states that if in a group extension
0→ H → G→ G/H → 0
the subgroup H is harateristi and has the RP property, and G/H is a nitely generated
group with nite onjugay lasses, then G possesses the RP property.
Theorem 1. For an arbitrary nitely generated Abelian group A, the wreath produt A ≀Z
possesses the RP property.
Proof. Show that the group extension 0 → A → A ≀ Z→ Z→ 0 satises the onditions
of the theorem presented above.
The subgroup A is Abelian and, therefore, it possesses the RP-property ([5℄). Further,
we have proved that this subgroup is harateristi in the group A ≀ Z. At last, the quotient
(A≀Z)/A = Z has nite onjugay lasses (onsisting of one element). The theorem is proved.
The latter result is of partiular interest beause suh groups gave the rst known example
of nitely generated RP groups being not almost polyyli.
Reall that a group G is said to be polyyli, if there exists a sequene of subgroups (a
polyyli series) {e} = G0 ⊳G1 ⊳ · · ·⊳Gk = G, suh that all Gi+1/Gi are yli. A group
is said to be almost polyyli, if it ontains a polyyli subgroup of nite index.
Show that for an arbitrary nitely generated Abelian group A, the group A≀Z s not almost
polyyli. Indeed, the main theorem from [13℄ immediately implies that eah harateristi
subgroup of an almost polyyli group is nitely generated. But we have proved that the
subgroup A =
⊕
i∈ZAi of the group A ≀ Z -is harateristi and the fat that it is innitely
generated is evident.
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